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ABSTRACT

In the paper, it is constructed with difference estles which approximately mixed problem for heatgon and shown
their stability. There exist various methods to elep difference schemes which are mainly based @hamging

derivatives with difference schemes.
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INTRODUCTION

Preliminaries

Problem 1: We consider the following mixed problem for the ation below

u, —u, —u, =0 (1)

o Uy
With boundary conditions fox = 0, (t,y) 0 R?

u, —au, —bu, =0, (2)
Fory=0, (t,X)OR?

u, —au, —bu, =0, 3)
And initial condition for t = 0, (X, y) OR?

u@,xy)=¢xy), uOxy)=¢(xy) )
In the domairR> ={ (t,x,yj t,X,y> 0}.

Herea,b,a,,b,0R andr - 0

U, =0(r %), u, =o(r ), u, =o(r ), r =/x* +y.

wWww.iaset.us editor@aset.us
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If for the conditions (2), (3) Shapiro—Lopatinskirgdition holds [17,50]
+ x=01ina >0b|<1;
+ y=0ina,>0[b|<1;

We rewrite the problem (1)—(4) in new coordinatestem &, 8 (X=rcosé, y=rsing, & =Inr)

€Uy —Uyy —Ug =0, fort>0,0<9<g,EDRl (5)
e‘(ut+aiu9—blu{:O,for9:g,t>0, SOR (6)
e’u, —a,u, —bu, =0.for #=0,t>0, {OR @

7l
Then boundary conditionst = 0, 0< < >

u._, = #(&.60) = p(ef cosd, e sinb) }
(8)

U, =W(£,6) = (e cosd, €’ sinb)

In [§] - o an initial conditionsl, = oe¥), u, = c(e_yz‘;),ug = o(e7*). Obtained problem (5)-(8) in the

domaint > 0, 0< 5<ﬁ, EOR! is reduced to the following mixed problem consigtof system of symmetriehyperbolic
2

equations
0 d 0
€A —-B—-C,—+Q,V=0 9
{Abat Y- B Qo} 9)
Boundary conditions
e:g,t>o, EOR for 9, +as,-bd, =0, (10)
6=0,t>0, f0OR ford-a3, -bd =0, (11)

Initial condition, fort = 0, 0< & <g, fORV = (e"w(e, $), 9,0.8), §:0& )), and when

€] - 0 V = o(e) (12)

Here
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Difference Schemesfor Mixed Problem for Heat Equation in Angular Domain 39

k I m | k O m 0 Kk m OO
A=l k 0,B,=lk I m,C=0 -m | |[Q=/0 0 0}
m 0 Kk 0O0m -l k | m k 00
2\ (€y
V=4 |=| u
J, u,

according to [8], taking notatioW = ey, we get equality of dissipative energy integral

E(AY.N-(BY ,-(EY ¥+ & Q2 85 B.YYO (19

And assuming ,UZ% as well as Whe||{| — 00 ||Y||2=(Y,Y) - 0, we integrate it in the domain

Hz{(e,f]m R,Osas’—;}

%{gef(pﬂl\f) Q’W}—JF;{( @Y)f:g—( (B,\()M:O} o

+jijo+Q;—Co+% Bb}v,vj § 4=0

We use the following equalities (see [3],):

__«(H@®B O _
AO(H)—TO( o H(H)JTO’
B, (6) :T(;( © - (H)JTO;
-H(6) O
Co(6) :T(;(_ 1) © ]To;
O H(6)

2m@) 0 k(&)
QB+ =] 0 0 0 =To*[

0

-H() L) jT

k@ 0 0 LO) HE)
o=(0 OJ,L(@)=(_|(H) m(e)j’
00 m@) 1(6)
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H(H):(k(é’)-m(ﬁ) -1(6) ]
-1(6) k@ +m@®))’
1 0 -1
;.10 -10
° J210 -1 0
1 0 1

Now we study ef(,%Y,Y) amﬂQoJfQS‘Co’deo}YaY)' In order that this inequality
dég

holdse? (AY,Y)=(AV.V) = (HW, W,)+(HW, W,) > 0, it has to béd >0, where

W
W.
W:[NJ: 2 :TOV
W) | W
W4

if k=k(8) >0, k*(8)-m?(8)-12(8) >0 , thenH >0.

R 0 (B R Ry )

! d I I I
If H :@H =L, thats if (k-m)' =-I, (k+m)' =1, —I"=m, then square form is equal to O.
Finding the solution of these differential equatipwe have

k(0) 1(0) cosf - m (0)si® m (0)ca8+ | (0)si
KE) = k(’lj' &)= m(i—chosHH(]—Tj sig’ ™M)= —|(’—T) co§+m(7—TJ sif
2 2 2 2 2

Now we consider square forms(BOY,Y)| .7 and (BOY,Y)‘H:0 :
2

We rewrite Boundary

—~(BY.Y), z=—€¢*(BV.TV)

oz = {(HW )+ (HR L)),

oy
)

71
condition (10) a3V, = SW when 8 = > where

28, _1-b
S= 1+h 1+b |-
1 0
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With the help of this equality, we get

~(BY.Y),.r =€ ¢(SH +HSlv, W),
2 T2
And analogously forld = Orewriting boundary condition (11) A/ = RW we find

(BOY’ Y)‘e:o =-¢ ([ R H H% W \Mezo’

Where
— 2a2 _ 1- bz
R=| 1+b, 1+h,
1 0

Forn +1, solutions are obtained by a formula explicitly lghthe solutions fon of the difference schemes are
known, this scheme is called explicit. Even thosgimples of some difference schemes to be consideo&dike the

samples of explicit schemes, they are not actually.

Explicit Right Difference Scheme:To solve problem-1 numerically, we employ expliéght difference scheme which

approximates differential problem. For this, we rigsvthe system (9) in the following form (7):

oY a[BbY] [ d } ~ 14
Ao o0 f QMo+ 4B [V =0 (4
ep OV _g OY o OY 15
A B coaf[ ~HC,]Y =0 (15)

We multiply the systems (14) and (15) E? = diag(yl, Y5, y3) from left side. Adding obtained systems, we find

oY _ JIBY]

efDA,7+e’ /gf M - Dag—;(— Dqg—;— (16)

ay d
-DC,——+D[Q, - uC,+— B Y+ - Y=0.
FY; [Q, -G, dga DQ-#d

In the domairi > 0, (5,5) (171 , we employ mesh with step-sizes respectively
At :At,AHZAg,AerA{.
We take the following notations and define nornficliews:

=Y(nAt1i Aei J Ag) = (yl(nAt’i AH’ J A{)! yz(nAt!i AH’ J A{)! ys(nAwi Aei J A{))Ii
i=0,1, n|jj=01..;

Yn

L AEZ > (A,

i=0 j=—o
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L= QLY. a=3.

Using the above notations, we develop differentes® approximating (16):

n+l _ \/n n+l _ \/n n _ n
e"D(A,) A Y D" (A,), WY e Bor )y ~(BYE _
i ( t i N i A,
- Dirllj (BO)i +1 Yoy 7 - D"n(Co)' Yia =% - Dijn+1(C0)i Yoot 7 + )

A ! LA, A,

0,1-1|j|= 012..,n=0,N -1

n d n H
+Di{2Qo_2/1Co+deBo} j =01

fori=0,|j|= 0L2,...

(yl)gj _az(yz)gj _bz(Y3)8j =0, (18)
fori=1,|j|=012...
(Yo' +au(Y.)'; —bi(ys); =0, (19)

for n=0,i=0L..],[j|=012...

Yﬁo:(e%fjw(g;’gl)’ é5j¢'9(g?j ), égjﬁ'(@i 0 )) _ o~

Sample of this difference scheme as shown in figuie consists of the systems of equations whiemat linear.
It is easily seen that, this scheme approximatiésrditial equation with first order. The boundaonnditions are precisely

approximated. As we mentioned above to computenseh@pproximation error exact solution is calcadtg the scheme

(17) and we denote this errd f, as the norm of the vectde(t,,6,¢;) . Approximation of difference scheme for the

sample equation is shown in the figures 2-4 antetabHeret,; =0.3, t,;= 0.6 t,;,=0.9, 6,= 0.524¢, =3.2,

max(E,,) = 7.015¢ 10+ max(E;) = 5.72%¢ 10/, rrg’?x(Ego) = 4.71% 10.

* ('f}r+'_ E] 6." E] ‘r&':_,.-' )

('r}i"' !9." 2 ‘f': + )
@
('f}i"' 9;‘ s ‘:t':j) ('f}i"' II‘9."+'_ 2 ‘:t':“.-')

Figure 1: Difference Scheme.
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Figure 2: Values Att,, =0.6, &,= 0.52«f the
Error (En)ij of the Sample Problem.
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Figure 3: Values Atg, =0.524¢§, = 3..
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Figure 4:. Values Att,, =0.6,&, = 3.Zof the Error

(51)ij of the Error (E,)

ij

Table 1: Value Att,;=0.9 (g ) . of Approximation Error

1=0 =1 =2 =3 =4 I=5
j=0 | 4.719e-7 1.911e-7 6.868e-§ 1.762e18 1.244e-742€37
j=1 | 3.457e-7 1.367e-7 4.735e-§ 1.546e18 9.432e-81552-7
j=2 | 2.482e-7 9.721e-8 3.410e-§ 9.628e19 6.457e-8734k-7
j=3 | 1.755e-7 6.815e-8 2.416e-8 5.942e19  4.378e-8208k-7
=4 | 1.224e-7 4.718e-8 1.687e-8 3.638e19 2.943e-8102-8
j=5 | 8.437e-8 3.231e-8 1.164e-8 2.213e19 1.963e-&5%-8
j=6 | 5.754e-8 2.191e-8 7.942e-9 1.337e19 1.301e-83182-8
j=7 | 3.889e-8 1.473e-8 5.369e-9 8.037e-10  8.57Ze-H552-8
j=8 | 2.607e-8 9.832e-9 3.601e-9 4.802e-10 5.61Ge-%98k-8
j=9 | 1.955e-8 7.938e-9 3.517e-9 7.528e-10 2.541e-9788@-9
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Theorem 1 If for (18)—(19) it holds Shapiro—Lopatinski cotidn, that's if 5, >0, lo| <1 @nya, >0,|b,| <1, then difference

schemd17)-(20)is stable with respect t§/ J" energetic norm, hergn “AA '21: i(%v e
— BB ’ ij

i=0 j=-co
Proof. We multiply (17) by vectok. and for convenience, we perform this operatiorefach variable separately:

W2 o -2 o)

t t t

(Y"+l Y. (A ( ) ( DQM) A—l([ %Y],JM_[ o Y' i ) K];( ijvl_ in[ OA]“Vl):
((A) (5= Y)+(C ), (= ) =

VY
9

|>||—\ _,|>|I—‘

~

—

(G- (A vmove)+ () s ) - () vy v ) =

R N O

Bl B

—

(AN = (AY.Y);

Here we usedDj'L = Y]] Dn+lL Y™ and A, = A;.

ij ij

(D., [BY].+1,A N LJ ( o ). Yo Yu”,L]: Ai (8L, ~[Bl )+

[ [

([BY].m 0 =)= (B )~ (B )+ (B )y e )

—((B ¥ Y )= (B,

A, P+1] _A_g

Y., =Y Y —yn
{D”."(c:o)i % LJ {D,J“ﬂ(c ), M,L}:
3

(e o) (C) o) = o)

A—i(((c )Y D7L) - (C,) ¥y, DpL) +

ij a1

1 n.
A{ (COY’Y)ij J

(Di?[zqo—cw%%lw ] ([m Gr a} Y. p9=
{megaleri[oo o gny

here it is employc—:‘n{Q0 “",Y”") %((QO Y, ) (QSY".”,Y””)),

Summing up above equalities, we get discreet analog differential representation of energy intégra
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- 1 n+l 1
(A -(av Y} - {( By Y, -( 8-
Ai{(COY’Y)uﬂ (Qlej} (|: Q+ Q_ g:+_ % }/

(21)

Multiplying both sides of (21) b)AE,AH, we sum up in fromOtol =1, in j from —oo to + 00 and using

Y" (u",YIJ y -0 When‘f‘ — 00, we have
Yn+12 _ Yn 2 -
A Ay
niEon S5 o o 4]

One can easily check that the equalities hold:

__[(H@ O _ O -H(6)
%(&)—To( o H(H)] » Bo(8) = (H(ﬁi) o JTO,

(@ o 0 0 1o (~16) &) _(k@-m@)  -18)
C°(9‘"T°[ 0 Hwi))““oz(o o) L@ (m(ei) @) ) "D S k@ rme))

. 2m() 0 k) (-H(@) L@)
Q(8)+Qy(8) = 0 0 0 |= o( L(H)I H(gl) 0
k@) 0 0 | |
1 0 -1
A 8 =ih,i=01.,"
° J210 -1 0 L ’
10 1

According to the above

f,((%) Yn Yn) — é( AY Y; (3 2;1)5,( oA,V)\.”{=
e {(HOW, W) +( HOYW, W) },

it k(8)>0,k*(8)-m?(8)-1%(8)>0,i=0,1,thenH(6) >0 and hence
e’ ((A,)Yn Y“)>0 22)
whereW = T)\".

If
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iH(g):(k'(e)—m'(H) -1'6) Jz(—l(e) m(9)J=L(6)

do -I'@)  K@+m@)) \(mo 1)

then
+Q, - +i ALY | = “H@G) @)

([Qo RS Yj m L@) H(e.?)j 29
(FH@) O [ O —HE)) | e |-
( o H(Q)j [—H'(a) o HWWJ 0

Hence we  findk(8)-m(8)) =-1(8), (k&) +m(®&) =1(8), -1I'(6)=m(6) or

K@) =0, I'6)=-m(8), ni(8)=1(6)- Solving these differential equations, we obtain

m(0,) cof+ I(6,) sif

k(ao) _ |(90)C059i _m(eo) Sirﬂl
'(6”_{ -1(g) cog +m(q) sig

k(g) m(6] )cos +1(§ ) sig’

~(BY.v), ={B) v e J= e (B, =

k(&)z{ m(ei):{

(- O ~-HEZ o ) )
=-e’ [To (_ , (Z)ﬁ,v,VJ =& {HEw W), + Heww) |

HE O !
We rewrite boundary condition (19) éﬁé\/l)rl = S(W2 )ln] , Where

2, _1-b
S:(l+bl 1+bl}'
1 0

Due to this equality, it holds

no_ a6 V4 Vg /
-(BY.Y) =& ([ SHn+ ) S W
According to lemma D.L. Tkachev, M.V. Gomolina ([7f for boundary conditionsd; >0 and |bl| <1,
[SHE@+HE@S], >0
From this it yields

-(ByY,Y) 20. (24)

n

Analogously we rewrite(BOY,Y)gj taking into account that boundary condition (1:8)(\?\/1)2j = R(Wz)Oj as

(ByY.Y)p =-€&° ([ R HO)+ HO) R W Wo] ,
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"1+b, 1+b,

where R:[ 23, —1_b2]. If @,>0 and b,/ <1 for boundary conditions, then according to Lyuapun
1 0

theorem|R'H (0) + H ()R}, < 0. Consequently, it yields
(B,Y,Y);, 20. (25)

According to (22)-(25), we have the following enetig estimate

2

e, <[y

2
A .

From Yijn = e_“‘("\/”.” it is easy to understand that

-1 o -1 o ir 1
DAY, Y €AY V=00, 3 é(( # e e iivl):
i=0 j=—c0 i=0 j=-c
-1 o |-1 o
=0 3 (M) VTN 0082 3 (A V™
i=0 j=-o i=0 j=-o

Therefore, it holds

-1 o 1-1 o
I"=00: D (AVV) <D D (AV,V)] =J° (26)
i=0 j=-c i=0 j=—o

Theorem is proved.

To solve the first problem, we make use the follmyvilifference scheme:

Nl _pn
Ui -U, ~(u,) =o0. 27)

The above difference scheme is obtained uking-U, = 0. Now we multiply (27) by the vecto?U ijn+1:

2(Ui?+l’Uijn+1)_ 2(Uijn ’U|jn+1)_ 2 ((u )If; v n+1) = C

and from this equality, we have
(o) - () -a () ))-a Yy ™) <o.

Here Cauchy—Bunyakovst(U ,V) < (U ,U)+(V,V) is employed. Obtained inequality is multiplied by

ABAg and is summed up with respdcfrom 0 till | —1, with respect toj from —oo till +oo:
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1-1 o

A Azz i (U v nﬂ) VYIS (Uu Y )

i=0 j=-o0 i=0 j=-o
-1 o

08,85 T (0 )+ (v )

i=0 j=-o

We rewrite above inequality

HU n+l , S (28)

n +At
A

(Ut )n+l X

+ At HU n+l
A

Writing (26) as

{A A{fi( U ) +(U,0,) (uy,uy):”}s s

i=0 j=—c

<C {A A;'ii (U.u) (Ux,ux)””+(uy,uy):}

i=0 j=

we add it to (28). It yields discreet analogueGf.Q)

2 2
HU "< cons#J "
A
nere|U"° =8,4,3 S {U L) + UL +U,.U,) + 0,0, )]
Were‘ Ai_ 9 EZOZ ’ ij tr~t fjj x1= x /jj y*=vyljl-
1=0 j=-c0
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